DMUS-MP-13/05 



Index theory and dynamical symmetry enhancement 

of M-horizons 



J. B. Gutowski^ and G. Papadopoulos^ 

^Department of Mathematics, University of Surrey 
Guildford, GU2 7XH, UK 
Email: j.gutowski@surrey.ac.uk 

^ Department of Mathematics, King's College London 
Strand, London WC2R 2LS, UK. 
E-mail: george.papadopoulos@kcl.ac.uk 



Abstract 

We show that near-horizon geometries of 11-dimensional supergravity preserve 
an even number of supersymmetries. The proof follows from Lichnerowicz type 
theorems for two horizon Dirac operators, the field equations and Bianchi identities, 
and the vanishing of the index of a Dirac operator on the 9-dimensional horizon 
sections. As a consequence of this, we also prove that all M-horizons with non- 
vanishing fluxes admit a s[(2, M) subalgebra of symmetries. 



1 Introduction 



It is well known that the near horizon geometries of supersymmetric black holes and 
branes exhibit supersymmetry enhancement. There are many examples of this, which 
include the RN black hole as well as the D3-, M2- and M5-branes, see eg [I]. In all these 
cases, while the black hole and brane configuration preserve half the supersymmetry, the 
near horizon geometries are maximally supersymmetric. If supersymmetry enhancement 
near the horizons is universal, all near horizon geometries must preserve at least two 
supersymmetries. 

The near horizon geometries as expressed in the Gaussian null coordinates of [21 |3j ex- 
hibit two continuous symmetries. For example, the M-horizon fields in (12.1 p are invariant 
under the continuous symmetries generated by the vector fields and udu — rdr- However 
in all known examples, the near horizon geometries exhibit additional symmetries, and 
the two above symmetries enhance at least to s((2,R). The presence of these additional 
symmetries cannot be explained from the kinematics of the system. Therefore, it is a 
consequence of the dynamics and arises after implementing the field equations. 

To our knowledge despite the overwhelming evidence there is for symmetry enhance- 
ment for near horizon geometries, there is no general proof which demonstrates this. For 
example, it is not known whether the near horizon geometries which preserve one su- 
persymmetry automatically preserve two or more. The same applies for the additional 
bosonic symmetries, and in particular s((2,M), of near horizon geometries. 

Symmetry enhancement is instrumental in both understanding the properties of black 
holes as well as in AdS/CFT [B]. In the context of black holes, the presence of additional 
supersymmetries near the horizon would imply the existence of additional isometries as 
well as the presence of fundamental forms associated with a more refined G-structure 
than that associated with a single Killing spinor. This typically leads to more geometric 
restrictions on the horizon sections which in turn may lead to the classification of the 
horizons which preserve sufficiently large number of supersymmetries. For some historical 
references on uniqueness theorems of black holes and some new results see [T]-[l9]. In 
the context of AdS/CFT, the enhancement of the bosonic symmetries to 5[(2,M) is the 
minimal required to assert that the dual field theory is conformal. 

In this paper, we shall demonstrate that M-horizons with smooth field^ preserve 
an even number of supersymmetries. The geometry of M-horizons that preserve one 
supersymmetry have been investigated in [U Here we shall show that they admit a 
second supersymmetry. Our prooi[j is topological in nature, and utilizes in an essential 
way the field equations of 11-dimensional supergravity and the properties of two horizon 
Dirac operators T)^'^\ The horizon Dirac operators are defined on the horizon sections, 
which are compact 9-dimensional manifolds without boundary, and are constructed from 
the supercovariant connection of 11-dimensional supergravity after integrating out the 

"'^Throughout this paper we consider supergravity theories without higher curvature corrections. 

^The near horizon geometry of NS5-branes preserves the same number of supersymmetries as the 
NS5-brane but the dilaton is singular at the horizon. 

■^We do not assume the biUnear matching condition, ie the identification of the stationary Kilhng vector 
field of the black hole with the vector constructed as a Killing spinor bilinear, which has extensively been 
used in most of the literature on near horizon geometries. However see [20j . 
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lightcone directions. As a result, they exhibit couphngs associated to the 4- form field 
strength of 1 1-dimensional supergravity, and arise naturally from the investigation of 
the Killing spinor equations (KSEs) for near horizon geometries. Our proof that the 
number of supersymmetries of near horizon geometries is even proceeds with establishing 
of Lichnerowicz type theorems for both horizon Dirac operators. These theorems relate 
the number of Killing spinors to the zero modes of the horizon Dirac operators and 
they are valid subject to the field equations and Bianchi identities of 1 1-dimensional 
supergravity. The number of supersymmetries of a near horizon geometry is given by iV = 
dim KerP*^+^ +dim KeTT)^~\ The proof continues by utilizing the vanishing of the index 
of Dirac operators on odd dimensional manifolds which can be used to demonstrate that 
dim KerP'^"'"^ = dim KeTT)^~\ This in turn implies that the number of supersymmetries 
preserved by near horizon geometries is even. 

Our theorem implies that the near horizon geometries of 1 1-dimensional supergravity 
preserve at least two supersymmetries. We shall demonstrate that a consequence of this 
is that all near horizon geometries of 1 1-dimensional supergravity with non-trivial fluxes 
admit a sl(2,M) subgroup of isometrics. The orbits of the s[(2,M) symmetry on the near 
horizon spacetime are either 2- or 3-dimensional. We find that if the orbits are only 2- 
dimensional, then the near horizon geometry is static and it is a warped product of AdS2 
with the near horizon section S. Static M-horizons have been investigated before in ^ 
and are related AdS2 backgrounds in M-theory initiated in [2l]. 

To prove our results, we have used details of the supersymmetry transformations, field 
equations and Bianchi identities of 1 1-dimensional supergravity. However, the method- 
ology used can be applied to all supergravity theories. Therefore, it is likely that all 
near horizon geometries of odd-dimensional supergravity theories preserve at least two 
supersymmetries and their symmetry algebra includes sl(2,M). This assertion is sup- 
ported by a similar result demonstrated for the horizons of 5-dimensional minimal gauged 
supergravity in |22j . 

This paper has been organized as follows. In section 2, we describe the field content 
of M-horizons and express the Bianchi identities and field equations of the theory on 
the horizon sections. In section 3, we integrate the KSEs along the lightcone directions 
and establish the independent KSEs on the horizon sections. In section 4, we prove 
the Lichnerowicz type theorems for two horizon Dirac operators and explore the index 
theorem for the Dirac operator to prove that the number of supersymmetries is even. 
In section 5, we investigate further the Killing spinors of M-horizons. In section 6, we 
explore the consequences for the geometry and topology of M-horizons to admit at least 
two supersymmetries and demonstrate that all M-horizons admit an 5l(2,M) symmetry 
subalgebra. In section 7, we give our conclusions. In appendices A and B, we give 
more details about the proof of the Lichnerowicz type theorems we use, and present an 
alternative proof of one of the Lichnerowicz type theorems using the maximum principle, 
respectively. 
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2 Near Horizon Geometry 



2.1 Near horizon fields 

Adapting Gaussian null coordinates [2n3j, the near horizon metric and 4-form field strength^ 
of 11-dimensional supergravity can be written jH |5] as 

ds^ = 2e+e" + %e*e^' = 2du{dr + rh - ^r^Adu) + ds'^{S) , 
F = e-^ Ae- AY + re-^ AdhY + X , (2.1) 

where we have introduced the frame 

e'^ = du , = dr + rh - ^r'^Adu , e* = e'jdy^ ; gu = Sije'ie^j , (2.2) 

and 

ds\S) = 6,je'e^ , (2.3) 

is the metric of the horizon section S given by r = m = 0. 5 is taken to be compact, con- 
nected and without boundary. The dependence on the coordinates r, u is given explicitly. 
In particular, h = hie'^, A, e*, Y and X depend only on the coordinates y of S. We choose 
the frame indices i = 1,2, 3, 4, 6, 7, 8, 9, {t and we follow the conventions of [23]. Observe 
that the Killing vector field du is non-space-like everywhere as A > 0, and becomes null 
at r = 0. There is no loss of generality in taking A > as this is implied by the KSEs. 

Regularity of the horizon requires that A, h, Y and X are globally defined and smooth 
0-, 1-, 2- and 4-forms on S, respectively. This is our smoothness assumption and it is 
required to establish our result. 



2.2 Bianchi identities and field equations 

The Bianchi identities and field equations of 11-dimensional supergravity [24] can be 
decomposed along the lightcone directions and those of the horizon section S. For the 
Bianchi identity of F, dF = 0, such a decomposition yields 

dX = , (2.4) 

ie X is a closed form on S. 

Similarly, the field equation of the 3-form gauge potential is 

dMiF -^F AF = , (2.5) 

where is the Hodge star operation of 11-dimensional spacetime, which can be decom- 
posed as 

- i^gdhY -hA i^gX + di<gX = Y AX , (2.6) 
*Let a; be a k-form, then dhOJ = duj — h Auj. 
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and 

-di.gY=^XAX, (2.7) 

where is the Hodge star operation on S. The spacetime volume form is chosen as 
eii = e"*" A e~ A 65, where eg is the volume form of S. Equivalently, in components, one 
has 



and 



vtjV. . f: .qiq2q3q4,qiqm7qs Y Y — f\ (0 Q\ 

1152 ^^qiq2q3q4^^q5q6qTqs ^ ) l^'-^J 



where V is the Levi-Civita connection of the metric ds'^{S) on the near horizon section 
S. 

The Einstein equation is 

RmN = Yj^FMLiL2L3^N^^^^^'^ — Y^3mnFliL2LzLaF^^^^^'^^^ ■ (2.10) 

This decomposes into a number of components. In particular along 5, one finds 

~ ~ 1 1^1 ^ 

Rij + V {ihj) — -hihj = ——YiiYj + —Xi£-^er^£.^Xj ^ ^ ^ 

where Rij is the Ricci tensor of S. The H — component of the Einstein equation gives 

V'h, = 2A + h'- ^Ye,e,Y'^'' - ^X,,,,,,,X''''''' ■ (2-12) 
Similarly, the ++ and +i components of the Einstein equation can be expressed as 

Iv^v.A - h'VA - + A/i2 + Uh,,dh'^ = l(4r),^,^,3(4r)^i^2^3 ^ 

(2.13) 

and 

- ]^VHh,, + W{dh),, - V.A + A/i, = lx/^^^^«(41^)^,^,^3 - \{dhY)^''''Y,,,, , 

(2.14) 

respectively. Although we have included the ++ and the +i components of the Einstein 
equations for completeness, it is straightforward to show that both (I2.13P and ( ]2.14p hold 
as a consequence of (12. 4p . the 3- form field equations (12. 6 p and (12. 7p and the components 
of the Einstein equation in (12. lip and (I2.12p . This does not make use of supersymmetry, 
or any assumptions on the topology of S. Hence, the conditions on ds'^{S), A, h, Y and 
X simplify to (jM]), (ES]), (EZD, (12TT|) and ( 1212|) . 
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3 Killing spinor equations 



The KSE of 11- dimensional supergravity [21] is 

(3.1) 

where V is the spacetime Levi-Civita connection. As for the field equations above, the 
KSE can be decomposed along the light-cone and S directions. This already has been 
done in [1] and [5] . Here we shall repeat some of the steps as our analysis is different from 
that in the above references. In particular, we shall not assume that there is bi-linear 
matching, ie that the Killing vector field is identified with the vector constructed as 
bi-linear of the Killing spinor of backgrounds preserving one supersymmetry. 

3.1 Integration of KSEs along the lightcone 

To solve the KSEs along the light-cone directions, we decompose the Killing spinor as 

e = e+ + e_ , r±e± = . (3.2) 
Then after some computation, see |H |5] , we find that 

e+ = V+, e- = r]- + rT_e+r]+ , (3.3) 



and 



where 



r]+ = (/)+ + wr+0_0_, ?7_ = 0_ , (3.4) 



and (j)± = 4>±{y) do not depend on r or u. 

Furthermore, the + and — components of the KSE impose the following algebraic 
conditions on the Killing spinors 

+ 2{\hr - ^X,,,,,,,J'^'^'^'^ + ^Y,,,,T'^'^)e^y^ = , (3.6) 
(^\Ahr - ia.Ar + ( - ^-dh,,r^ - Ld,Ye,,,e,T'^'-'') Q^j ^+ = , (3.7) 
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and 



+ 2( - i/.„r" + ^x„,„,.3.,r"^"^"3n. ^ ly„^,^r"^"^)e_)0_ = o . (3.8) 

Note that conditions (13.61) and (13. 8p can be expanded out into terms independent of u 
and terms linear in u, yielding four w-independent conditions. However, it will turn out 
to be most convenient to write the algebraic conditions in the form of (13.61) and (13. 7p . 

Since we have separated the light-cone directions from the rest, the remaining KSEs 
have manifest Spin{9) C Spin{10, 1) local gauge invariance. The remaining KSEs can be 
written as 

^^Yt'^Y,,,, - = , (3.9) 



(3.10) 



and 



where 



-^r/^^^y,,,, + ^y.,F^0_ = o. (3.11) 



C = ■ (3.12) 



Again, we remark that equations (13. 9 p and (I3.10p contain both terms independent of 
u, and linear in u, but it is most convenient to write these equations in the way stated 
above. 



3.2 Independent KSEs on S 

It is important to what follows to establish the independent KSEs on S. In investigating 
supersymmetric backgrounds, it is customary to first solve all KSEs and then impose the 
field equations which are not implied as integrability conditions. Here, we shall adopt a 
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different strategy. We shall use all the field equations and Bianchi identities of the theory 
to find the independent KSEs that one has to impose such that a near horizon geometry 
is supersymmetric. 

First consider equations (13. 6p . (13. 7p . (13. 9p and (I3.10p . Equations of this form have 
already been investigated in |5], in the special case for which 0_ = 0. However, the form 
of these equations remains unchanged if one relaxes the condition that vanishes. Hence 
using exactly the same reasoning set out in [2], it follows that (13. 6p . (13. 7p and (I3.10p are 
implied by (13. 9p and the bosonic field equations and Bianchi identities. 

Next we consider (13. 9p in more detail. It will be particularly useful to establish the 
following result: if 0_ is a (m, r-independent) spinor satisfying (13. lip , then 

0+ = r+0_(/)_ (3.13) 

satisfies (13.90 with 77+ replaced with To see this, first evaluate the LHS of (13. 9p acting 
on 77^, and use (13.110 to eliminate the terms involving Vj0_, and then remove the r_|_ 
term by left-multiplication with r_. Then compare the resulting algebraic condition on 
0_ with the following expression 

ip(V,V. - V.V,)(/)_ = ^i?.,F0- , (3.14) 

where the LHS of the above is evaluated using (13.110 . and the entire expression is then 
simplified using the bosonic field equations and Bianchi identities. After a rather involved 
computation, one finds that the resulting algebraic condition on (p_ obtained from (13.140 
is identical to the algebraic condition on (/)_ obtained by substituting into (13. 9p as 
described above. We remark that the condition (13. 8p was not used at any stage of the 
computation. Note that this result implies that the part of (13. 9p which is linear in u 
is satisfied automatically as a consequence of (13. lip and the field equations and Bianchi 
identities. 

Next consider (13.80 . It will again be useful to return to (I3.14p . with the LHS evaluated 
using (13.110 . On contracting the resulting condition with F* and making extensive use 
of the field equations and Bianchi identities to simplify the expression, one obtains a 
condition equivalent to (13.80 . 

To summarize, we have demonstrated that on making use of the field equations and 
Bianchi identities the independent KSEs are 

VS+V+ = V.0+ + vl/;+V+ = , (3.15) 

and 

V^V- = Vi0_ + ^^V- = , (3.16) 

where 

"^t^ = =F-/ii - ^r/i^2^3^*X£j^2^3£^ + — Xi|.^^2^3F^i^2^3 _^ _Y/i^^Ye^i^ =f Q^ij^^ .(3.17) 

Moreover on imposing the field equations and Bianchi identities, if 0_ satisfies (I3.16p . 
then (p'_^_ given by (I3.13P satisfies (I3.15p . This analysis has been entirely local, and has not 
made use of the compactness of S. 
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4 Horizon Dirac Equations and a Lichnerowicz The- 
orem 



4.1 Horizon Dirac Equations 

Given the gravitino KSE in a supergravity theory which is a parallel transport equation 
for the supercovariant connection, = 0, one can construct a "supergravity Dirac 
equation" as T^Va€ = 0. This can be adapted to the near horizon geometries. In 
particular, for each of the "horizon gravitino KSEs" on S 

vS^Vi = V,0± + vl/W^i = , (4.1) 

given in fl3.15p and f l3.16p . respectively, one can associate a "horizon Dirac equation" as 

= rVi(f)± + = , (4.2) 

where 

vl/(±) = r^vl;(±) = ^heT' + ^X,,,,,,,^^'^'^'^ ± ^^.,.,1^^^^ . (4.3) 
4 yo o 

These Dirac equations, in addition to the Levi-Civita connection, also depend on the 
fluxes of the supergravity theory restricted on the horizon section S. 



4.2 A Lichnerowicz theorem 

The horizon Dirac equations (14. 2 p can be used to give a new characterization of the Killing 
spinors. Clearly, the gravitino KSEs are more restrictive. Any solution of the gravitino 
KSEs f l3.15p . f l3.16p is also a solution of a corresponding Dirac equation. In what follows, 
we shall explore the converse. In particular, we shall show that the zero modes of the 
horizon Dirac equation are parallel with respect to the horizon supercovariant derivatives 
( 14. ip . Instrumental in the proof are the field equations and Bianchi identities of 11- 
dimensional supergravity as reduced on the horizon section S. 

Before proceeding with the analysis of the supergravity case, it is useful to recall the 
Lichnerowicz theorem. On any spin compact manifold A^, one can show the equality 

/ (rV,e,FV,6)= / (V.e,VV)+ / f (e,e) , (4.4) 

where V is the Levi-Civita connection, (-, ■) is the Dirac inner product and R is the Ricci 
scalar. Clearly if i? > 0, the Dirac operator has no zero modes. Moreover, if i? = 0, 
then the zero modes of the Dirac operator are parallel with respect to the Levi-Civita 
connection. 

This theorem can be generalized for M-horizons with the standard Dirac operator 
replaced with the horizon Dirac operators in ( 14. 2p and the Levi-Civita covariant derivative 
replaced with the horizon supercovariant derivatives (14. ip . A version of this theorem has 
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already been proven in [5] but here we shall consider both horizon Dirac operators V^'^y 
For this, let ^ be a Majorana Spin{9) spinor and consider 



Js Js 



(4.5) 



where (■, ■) is the Dirac inner productlfjof Spin(9) which can be identified with the standard 
Hermitian inner product on A*(C^) restricted on the real subspace of Majorana spinors 
and II ■ II is the associated norm. Therefore, (•, •) is a real and positive definite. The 
Spin{9) gamma matrices are Hermitian with respect to (■, ■). 

Clearly, if the integrals X^^^ vanish, all zero modes of the horizon Dirac operators V"^ 
are parallel with respect to the horizon supercovariant derivatives and so Killing. To 
show that X*^^^ vanish, assume that S is compact and without boundary, and that (p is 
globally well-defined and smooth on S. Then, on integrating by parts, one can rewrite 

x(±) = J (0^, (^(±)^t _ _ (^(±)t _ ^(±))r)Vi0± + (^(±)|^(±)^ - ^(±)t^(±))0± 
+ r^ViVj(j)± + - {v'^[^^))(p± + {r¥^^ - ¥^^r)Vi(f)±) . (4.6) 

Next, evaluating the RHS of the above equation using the Bianchi identity of X (12. 4p . the 
field equation of the 4-form field strength (12. 6p and (12. 7p . the Einstein equations along S 
(Km . one finds that 

+ /"^V^/i,(l±l)(0±,0±) . (4.7) 

Further details of this computation are given in Appendix A. 

On comparing (14. 7p with (14. 5p . one immediately finds that if 0_ is a solution of the 
horizon Dirac equation, then is a solution of the V'-"'' horizon gravitino KSE 

(EH. 

Also, if (p+ is a solution of the T)^^^ horizon Dirac equation, and 0+) = const then 
0+ is a solution of the V^"*"-* horizon graviton KSE (13.150 . Furthermore, it is straightfor- 
ward to prove that if 0+ satisfies the T)^~^^ horizon Dirac equation, then 0+) = const 
follows from an application of the maximum principle. In particular, if one assumes that 
X'(+V+ = 0, then one obtains the condition 

W.||0+f - hWM+f = 2(VWV+, Vl+V+) • (4.8) 



Details of the derivation of (14. 8 p are given in Appendix B. Upon using the maximum 

principle, this condition implies that ||0+|| = const, and Vj-'''V+ = 0- Note that this 
provides an alternative proof of the Lichnerowicz type of theorem for the T)^^^ operator. 



^In fact, it can be identified as tlie restriction of tfie 5*^171,(10, 1) invariant inner product on the 
Majorana representation as restricted on Spin(9) spinor representations under tlie decomposition e = 
e+ + e- in (1X21). 
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To conclude, the results of this section can be summarized as 

vS^Vi = ^ I)(^V± = . (4.9) 

Hence, the Killing spinors of the horizon section S can be identified with the zero modes 
of horizon Dirac operators. In turn, the Killing spinors of the near horizon spacetime can 
be expressed in terms of the zero models of the horizon Dirac operators V^'^K 

4.3 Index theorem and supersymmetries of M-horizons 

To proceed note that we have decomposed the spin bundle S of 11-dimensional super- 
gravity as S = S+ Q) on S using the projections T± as in fl3.2p . Next observe that 
: T{S+) T{S+) and and its adjoint {V'^+^Y : T{S+) T{S+), where T{S+) 
are the smooth sections of S^. The operator has the same principal symbol as the 
Dirac operator. Moreover , is defined on S which is an odd-dimensional manifold. 
It follows from Proposition 1 of [25j that the index of P^"*") vanishes. As a result, we have 
that 

dimkerpW = dimker(r'W)"f . (4.10) 

Observe that 

(D(+))t = _pv. - \h,T' + ^Xe,e,e,i,T'^'^'-^'' - \Y,,,r^'^ . (4.11) 
Next define = r+0_ and observe that 

(D(+))t0'_^ = r+I?(-V- . (4.12) 

So, we conclude that dimker(T''^+))''' = dimkerP^^^. This together with the result from 
the index theorem (14.101) gives 

dimkerp(+) = dimkerP^^) . (4.13) 

The number of supersymmetries of a near horizon geometry is the number of parallel 
spinors of V^^-* and so from the Lichnerowicz theorems and the above formula, one has 

N = dimkerp(+) + dimkerP^") = 2 dimkerP^'^ (4.14) 

This proves that the number of supersymmetries preserved by near M-horizon geometries 
is even. 

5 Construction of 0+ from (f)_ Killing spinors 

In section ( 13. 2p . we have demonstrated that if 0_ is V '•"-'-parallel, then 

0+ = r+e_0_ (5.1) 



10 



satisfies V*^^V+ = 0. Clearly this can be used to construct the 0+ solutions to the KSEs 
from the 0_ solutions. 

Since 0+ given in f lS.ip is V'^^-'-parallel either is everywhere nonzero or vanishes iden- 
tically. Consider the latter case that in (15. ip vanishes for 0_ 7^ 0. In this case, one 
must have 

e_0_ = . (5.2) 
To proceed, note that (13. 8p together with (15. 2p imply that 

(0-, ( - - Idh^jr' + ^d,Ye,,j,r'^'^''y^) = . (5.3) 
This condition implies 

A(0_,0_)=O (5.4) 

and hence 

A = , (5.5) 
as (I)- is no- where vanishing. Next, using (I3.16p . one finds 

V.(0_,0-) = + (^-LrAW4^^^^^^^^^ _ . (5.6) 

This expression can be further simplified, using O_0_ = 0, to eliminate the Y and X 
terms and to give 

V.(0-,0-) = -/i.(0-,0_) . (5.7) 
As 0_ is no- where zero, this implies that 

dh = , (5.8) 

and (I2.13P then implies that 

dhY = , (5.9) 

as well. Returning to (15. 7p . on taking the divergence, and using (I2.12p to eliminate the 
V*/ii term, one obtains 

v^v.(0„, = (^Iy,,,,y'^'' + ^X,,,,,,,X''''''') (0-, 4>-) . (5.10) 

On integrating both sides of this expression over S, the contribution from the LHS van- 
ishes, so 

^ {^y^.^.y'-'^ + ^x.^^.^^^X''^'''^^ (0-, 0-) = . (5.11) 
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Again, as is no-where vanishing, this imphes that 

Y = 0,X = 0. (5.12) 

Next, (1212|) imphes that 

V'hi = (5.13) 

and again integrating this expression over S, the contribution from the LHS vanishes, 
leading to 

h = . (5.14) 

Hence, if 0_ 7^ 0, then e_0_ = imphes that A = 0, h = 0,Y = 0, X = 0. In such 
a case, the near horizon geometry is locaUy isometric to M^'^ x S, where iS is a compact 
9-dimensional Ricci flat manifold. Such manifolds are classified and S is locally a product 

X X^, where in turn X^ is a product of holonomy Spin{7), Sp{2), G2, SU{k), k < 4, 
and {1} manifolds. 

Therefore are two possibilities. One possibility is that the conditions A = 0, h = 0,Y = 
0, X = do not hold in which case the (p+ and 0_ Killing spinors are related by (15. ip . This 
is a consequence of the index theorem which requires the number of zero modes of T)^^^ to 
be equal to those of T)^^\ The other possibility is whenever A = 0,h = 0,Y = 0, X = 0. 
In such a case for every 0_ spinor satisfying V'-'V- = 0; there is a spinor 0+ satisfying 
V''"'"V+ = given by 0+ = r+0_. In either case, the number of Killing spinors is even. 



6 The dynamical 5t(2,M) symmetry of M-horizons 
6.1 Killing vectors 

A priori near horizon geometries admit two Killing vector field generated by du and 
udu — rdr- However all known examples exhibit a larger symmetry algebra which always 
includes an s[(2,]R) subalgebra. Here we shall prove that this is a generic property of 
M-horizons with non-trivial fluxes and a direct consequence of supersymmetry. However, 
it should be stressed that the s[(2,M) symmetry is dynamical because it emerges after 
using the field equations of the theory. 

We have shown (13.21) that the most general Killing spinor takes the form 

e = (p+ + ur+e_(/)_ + 0_ + rr_e+(/)+ + m r_0+r+e_0_ . (e.i) 

The two Killing vector spinors of the near horizon geometries are constructed by either 
setting 0+ = or 0_ = 0, and as we have shown choosing 0+ = r+O_0_. Implementing 
these, we find that 

ei = 0_ + M0+ + r'ur_6+0+ , €2 = 0+ + rr_6+0+ . (6.2) 

It can be easily shown that for any two Killing spinors Ci and ^2; the 1-form bilineaij^ 

K=((r+-r_)Ci,rx2)e^, (6.3) 

^The inner product we use to define K is the Dirac inner product of Spin(10, 1) restricted on its 
Majorana representation. 
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is associated with a Killing vector which also preserves that 4- form field strength of 11- 
dimensional supergravity. In particular for the two Killing spinors f l6.2p . one can construct 
three 1-form bi-linears. A substitution of f l6.2p into fl6.3p reveals 



K, = ((r+ - r_)ei, r^ea) = (2r(r+0_, 6+0+) + nVA||(/)+f ) e+ - 2u\\(f)^f e + V,e' , 
K2 = ((r+-r_)e2,rAe2)e^ = r2A||0+f e+-2||,^+||V , 

= ((r+ - r_)ei, r^ei) = (2||0_f + Aru{V+^_, 9+0+) + r^^ /\\\<l)+\\^)e+ 

-2n^\\(p+fe- + 2uVie\ (6.4) 

where we have set 



y, = (r+0_,r,0+) . (6.5) 

Moreover, we have used the identities 

-A 110+11^ + 4119+0+11^ = (6.6) 
which follows from (13. 6p . and 

(0+,r,9+0+) = O, (6.7) 

which follows from (0+,0+) = const proved in [5] as a consequence of (I3.15P and the 
compactness of S. By construction i^i, K2 and are associated with vector field which 
leave both the near horizon metric and the 4-form fiux (12. ip invariant. 

6.2 The geometry of S 
6.2.1 1/7^0 

The symmetries generated by Ki,K2 and restrict the geometry of S. To find the 
restrictions on S, one decomposes the Killing condition of CxaQ = and CxaF = 0, 
a = 1,2,3 conditions along the lightcone and transverse directions. After a somewhat 
long but straightforward computation, one finds that 

V^iVj) = , Cvh = , £yA = , CvY = , CyX = . (6.8) 

Therefore, S admits an isometry generated by V which leaves h, A, Y and X invariant. 

In addition, one also finds some useful identities which follow from the field equations 
and KSEs we have stated already. These are 

-2||0+f - hiV' + 2(r+0_, 9+0+) = , iv{dh) + 2d(r+0_, 9+0+) = , 
2(r+0_,9+0+)-A||0_f = , y+||0_f/i + d||0_f = . (6.9) 

Notice that the last equality in (16. 9p expresses V in terms of h. This is significant as it 
generalizes a relation derived in the context of heterotic horizons in |26] which equates h 
with V. Furthermore observe that one can show that 

£y||0-f = O. (6.10) 
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The geometry of S is further restricted. The existence of a no-where vanishing spinor 
0_ reduces the structure group0 of S to Spin(7). The existence of a second Kilhng 
spinor reduces the structure group further. There are various possibihties that can 
arise depending in which subspace 0+ hes giving isotropy groups Spin{7), S'f/(4), G2 
and SU{3). There are geometric restrictions on these structures which will be explored 
elsewhere. 

6.2.2 V = 

A special case arises whenever V = 0. In this case, the group action generated by Ki, K2 
and has only 2-dimensional orbits. A direct substitution of this condition in fl6.9l) 
reveals that 

A||0_f = 2||0+f , /i = A-MA. (6.11) 

Since dh = and h exact such horizons are static. After a coordinate transformation 
r — 7- Ar, the near horizon geometry becomes a warped product oiAdS2 with S, AdS2y<w<S. 
There are further consequences of this. For example the ++ Einstein equation (12.131) 
implies that dhV = 0. Static M-horizons have been extensively investigated in [4J and 
they are related to M-theory AdS2 backgrounds which have been initially explored in \21\ . 

6.3 s((2,m) symmetry of M-horizons 

To show that all M-horizons with non-trivial fluxes admit and sl(2,M) symmetry, we use 
the various identities derived in the previous section to write the vector fields associated 
to the 1-forms Ki , K2 and K3 (16.41) as 

= -2u\\<P+fdu + 2r\\cP4^dr + V'di, 
K2 = -2U+\fdu , 

K3 = -2u^(j)+fdu + {2U.f + 4ru\\(l)+f)dr + 2uV'di, (6.12) 

where we have used the same symbol for the 1-forms and the associated vector fields. A 
direct computation then reveals using (I6.10p that 

[K,,K2] = 2\\4>+fK2 , [K2,Ks] = -M\4>+fK^ , [Ks,K,] = 2U+fKs . (6.13) 

Therefore all M-horizons with non-trivial fluxes admit an s[(2,M) symmetry subalgebra. 

Away from the fixed points of V, the orbits of the sl(2,M) action are 3-dimensional. 
Therefore if 7^ 0, the sl(2,M) action action must have some 3-dimensional orbits. If 
= 0, we have shown that st(2,]R) has only 2-dimensional orbits isometric to AdS2- 

Note also that if the fluxes are trivial, the spacetime is isometric to x iS and S 
admits at least one isometry. The symmetry group in this case has a so(l, 1) © u(l) 
subalgebra. 

^The isotropy group of non-trivial orbits of Spin{9) in the 16-dimensional Majorana representation is 
Spin{7). Note that Spin{9) / Spin{7) = 
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7 Concluding remarks 



We have demonstrated that all M-horizons preserve an even number of supersymmetries 
and as a consequence of this those with non-trivial fluxes admit an sl(2,]R) subalgebra of 
symmetries. To establish these results, we have shown that the KSEs of the near horizon 
geometries are implied from two parallel transport equations on the horizon sections which 
depend on the 4-form fluxes. Then the associated Dirac equations were considered and two 
Lichnerowicz type theorems were proven which related the parallel spinors on the horizon 
sections with the zero modes of the associated Dirac operators. Then the vanishing of the 
Dirac index on the 9-dimensional horizon section led to the conclusion that M-horizons 
preserve an even number of supersymmetries. The invariance of M-horizons under a 
st(2,M) subalgebra then followed as a consequence of the supersymmetry enhancement. 

Instrumental in the proof of the above results were the field equations and Bianchi 
identities of 11- dimensional supergravity. Both the supersymmetry enhancement from one 
to at least two supersymmetries as well the presence of a sl(2,M) invariance subalgebra 
of M-horizons are dynamical, and cannot be proven without the use of field equations. 

Although our calculation is based on the details of 11-dimensional supergravity, like 
its field content and field equations, our methodology is general and applies to all su- 
pergravities. Therefore, it is likely that our results generalize to all odd- dimensional 
supergravities leading to the conclusion that all odd- dimensional near horizon geometries 
preserve at least two supersymmetries and admit a 5[(2,M) invariance subalgebra. This 
assertion is further strengthen by the results in [22j where similar results were established 
for the horizons of 5-dimensional minimal gauged supergravity. Our methodology can 
also be adapted to investigate the symmetries of brane horizons and AdS backgrounds of 
odd-dimensional supergravity theories. 

Our results can also be applied to even- dimensional supergravity theories. However, 
there are some differences. Assuming that the required Lichnerowicz type theorems can 
be established relating the number of Killing spinors to zero modes of Dirac operators, one 
does not expect that the index of the Dirac operator vanishes on the even- dimensional hori- 
zon sections. However, the investigation of heterotic horizons and those of 6-dimensional 
supergravity in [26j and [27] both find that those with non-trivial fluxes preserve an even 
number of supersymmetries and have an sl(2,]R) invariance subalgebra, but also see |28j . 
So there may be a generalization of our results to even- dimensional horizons. Alterna- 
tively, one may expect that there is an expression relating the number of supersymmetries 
preserved by the even-dimensional horizons to the index of a Dirac operator. 
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Appendix A A Lichnerowicz Identity 



To prove the Lichnerowicz identity of section 4, we use the spinor conventions of j23j , 
appendix A. 2. In this conventions, the Dirac spinors of Spin{9, 1) are identified with 
A*(C^) and the Majorana spinors span a real 3 2- dimensional subspace after an appropriate 
reality condition is imposed. The Dirac spinors of Spin{9) are identified with the subspace 
A*(C^) C A*(C^). In particular, if = C < Ci, . . . 64, 65 >, then = C < ei, . . . 64 >. 
The Majorana spinors of Spin{9) are those of Spin{10, 1) restricted on A*(C^). From this, 
it is straightforward to identify the gamma matrices of Spin{9) from those of Spin{10, 1) 
which have been given in [23] . 

As has been explained in section 4, the Spin{9) invariant inner product (■, ■) restricted 
on the Majorana representation is positive definite and real, and so symmetric. With 
respect to this, the skew-symmetric products F'*^] of k Spin{9) gamma matrices are Her- 
mitian for /c = mod 4 and k = 1 mod 4 while they are ant i- Hermit ian for k = 2 mod 4 
and k = 3 mod 4. Using this, we have that 

= T^/..r^ + ^^.....3..r^^^^^^^^ T iF,,,,F^^^^ (A.i) 

where f is the adjoint with respect to the S'pm(9)-invariant inner product ( , ). 

Next let us turn to the computation of the RHS of fl4.6p . The term involving vl>(='=)«tv|> 
^(±)t^(±) can be expanded out directly in terms quadratic in the fluxes h,Y,X. In par- 
ticular 

^ 1 



27648 384 

The term in (14. 6 p involving F^-'VjVj can be rewritten using 

F^^V.V>± = -\Rct>± , (A.3) 
where R is the Ricci scalar of S. From the Einstein field equation (12. lip , one has 

R = -v% + 1/^2 + ly„„y-- + Lx,^,^,^,X''''''' ■ (A.4) 

It follows that 

+ l\^M^±A±)- (A.5) 

J S 
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To proceed with the evaluation of (14. 6p . observe that 



(A.6) 



Using the fact that the Chfford algebra element of first term in the RHS of the above 
equation is hermitian, the Bianchi identity dX = and upon integrating by parts, one 
finds that 

+ ^(0,(;^^..w4r^^'^'^'^±^i^.,..r^^'^)PV.0) . (A.7) 

The term involving V^Yn is then further rewritten as a term quadratic in X using the 
field equation (12. 7p . Next, we rewrite the second line in terms of the Dirac operator 
PVj(/'± + ^'^^Vij with a compensating term — which gives a term quadratic in 
the fluxes h, X, Y, and which can be expanded out straightforwardly. 
Next, we find that 

(Pvi>(±)-vi/(±)r)v,(/*^ = (^l/,* + lrW3^4x^^^^^^^^± iy.^r£)v,0± 

Z 4o Z 

+ ( ± her' - ^Xe,e,i:,ej''''''''')rV.<Pi . (A.8) 

Similarly, using the hermiticity of the Clifford element in the first term in the RHS of the 
above equation, dX = and upon integrating by parts, one finds 



(A.9) 

The term involving V^Ya is then further rewritten as a term quadratic in X using f l2.7p . 
The second line is also further rewritten in terms of the Dirac operator F' Vj0± + '^^'^^(j)±, 
with a compensating term involving — \Ef(^)0_|_ which gives a term quadratic in the fluxes 
h,X,Y. 

Next note that 



(A.IO) 
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and so 



(rv.^(±) - v^vi>W)0^) = ^(0^, ±lv^F,,rV±) , (a.ii) 

as the rest of the terms are anti-hermitian, and hence the associated form bihnears vanish. 
The term involving V^Yu is then again rewritten as a term quadratic in X using (\2.1^ . 



Appendix B Derivation of (14.81) 



To derive f l4.8p . let us assume that 0+ satisfies the horizon Dirac equation T''^+V+ = 0. 
Then 

Wil|0+f = 2(0+, + 2(V.c/.+VV+) . (B.l) 

It will be useful to note the following identity 

= rv.(Fv,-(/)+) - r^v.v,-(^+ 

= rv,{^{\h,r - lx,,,,,3,,r^^^^^3^^ - h',,,,T'^'-)<j>^ + \r^^ . (b.2) 

This then implies that 



(B.3) 



where the trace of fl2.1ip has been used. Also, one has 



(V>+, = (V(+) V+, VS+V+) - 2(0+, (v&W^tv^^^) 

- (0+,vl/W^tvi>(+)0^) . (B.4) 



Substituting flB.3l) and flB.4p into fIB.ll) . one obtains 



v^v.(0+,0+) = (vWv+,vS+V+) 



-iy,,,,r^^^^)-2(v^wO^^v.0+) . (B.5) 
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To proceed, note that 



(B.6) 



Substitute this expression into fIB.Sp . and use the Dirac equation = to ehminate 

the r*Vj(/)+ term in favour of terms algebraic in the fluxes. On expanding out the resulting 
expression and making use of (]A.2p and (12. 9p . one then obtains (14. 8p . 
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